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Abstract. In this paper we give a simpler proof of the //-Schwartz space isomorphism 
(0 < p < 2) under the Fourier transform for the class of functions of left S -type on a 
Riemannian symmetric space of rank one. Our treatment rests on Anker's 1 2 1 proof of 
the corresponding result in the case of left ^-invariant functions on X. Thus we give a 
proof which relies only on the Paley-Wiener theorem. 

Keywords. 8 Spherical transform; Helgason Fourier transform. 



1. Introduction 

Let X be a rank one Riemannian symmetric space of noncompact type. We recall that 
such a space can be realized as G/K, where G is a connected noncompact semisimple 
Lie group of real rank one with finite center and K is a maximal compact subgroup of 
G. Anker 0, in his paper gave a remarkably short and elegant proof of the //-Schwartz 
space isomorphism theorem for K bi-invariant functions on G under the spherical Fourier 
transform for (0 < p < 2). The result for K bi-invariant functions was first proved by 
Harish-Chandra B6I7I81 (for p = 2) and Trombi and Varadarajan lfl2l (for < p < 2). 
Eguchi and Kowata [4] addressed the isomorphism problem for the //-Schwartz spaces 
on X. In 0, Anker has successfully avoided the involved asymptotic expansion of the 
elementary spherical functions, which has a crucial role in all the earlier works. In this 
paper, we have exploited Anker's technique to obtain the isomorphism of the //-Schwartz 
space (0 < p < 2) under Fourier transform for functions on X of a fixed K-type. 

Let (8,Vs) be an unitary irreducible representation of K of dimension 5. Our basic 
//-Schwartz space S^(X) is a space of Hom(V,5, V^-valued C°° functions, the Eisenstein 
integral <£>;l g(x) is a Hom(V5, V^-valued entire function on C and ^(a^) consists of 
analytic functions on the strip = {A e C||ImA| < e}. Anticipating these and other 
notations and definitions developed in §§2 and 3, we state the main result of the paper. 

Theorem 1.1. For < p < 2 and E = 2/p — 1 the 8-spherical transform f i— > /, 
where 




(1.1) 
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is a topological vector space isomorphism between the spaces Sg(X) and S$(al); with the 
inverse 

f(x) = (0- 1 [ <P^ s (x)f(X)\c(X)\- 2 dX. (1.2) 

J a* 



2. Preliminaries 

The pair (G,K) and X are as described in the introduction. We let G = KAN denote a 
fixed Iwasawa decomposition of G. Let jj, t, a and n denote the Lie algebras of G,K,A 
and N respectively. We recall that dimension of a = 1. 

Let a* be the real dual of a and be its complexification. We identify a, a* with M 
and with C using a normalization explained below. Let H: g i— > H(g) and A: g i— » A(g) 
be projections of g G G in a in Iwasawa KAN and NAK decompositions respectively, that 
is any g G G can be written as g = kexpH(g)n = n\ expA(g)k\. These two are related 
by A(g) = —H{g~ l ) for all g G G. Let M' and M respectively be the normalizer and 
centralizer of A in K. M also normalizes N. Let W = M 1 /M be the Weyl group of G. Here 
W = {±1}- Let us choose and fix a system of positive restricted roots which we denote 
by £ + . The real number p corresponds to j Y.aez+ m a& where m a is the multiplicity of 
the root a. With a suitable normalization of the basis of A we can identify p with 1. The 
positive Weyl chamber a + C a (a* + C a*) is identified with the positive real numbers. We 
denote x + to be the a + component ofieG for the Cartan decomposition G = KA + K = 
K(exp a + )K and let \x\ — x + . We have a basic estimate (Proposition 4.6. 1 1 of [5 1): there 
is a constant c > such that 

\H(x)\ <c\x\ for xeG . (2.1) 

We note that, any function / on X can also be considered as a function on the group G with 
the property f(gk) = f(k), where g e G and k £ K. Let x = katk' where a t — expf e A, 
f G o = M . The Haar measure of G for the Cartan decomposition is given by 

/ f{x)Ax = const I 6k I A(f) df / dk'f(ka t k'), (2.2) 

where A(f) = IlaeE+ sinh'" a a(f ). In the Iwasawa decomposition,* = ka t n, the Haar mea- 
sure is 

/ f(x)6x = const I 6k I e 2f df / dnf(ka,n). (2.3) 

In both ( 12.21 ) and ( 12.3b 'const' stands for positive normalizing constants for the respective 
cases. 

Let (8,Vs) be an unitary irreducible representation of K. Let d(8) and Xs stand for 
the dimension and character of the representation 8. Let V^f be the subspace of Vg fixed 
under 8\m', i-e V^f = {v£ Vg|5(m)v = v,Vm G M}. Recall that as G is of real rank one, 
the dimension of V^ 1 is or 1 (see ifTTI '). Let Km be the set of all equivalence classes of 
irreducible unitary representation 8 of K for which Vg 1 ^ {0}. For our result we choose 
8 G Km- We shall also fix an orthonormal basis {vi , V2, ■ ■ ■ , Vd(S) } °f ^5 sucn m at vi spans 



Riemannian symmetric space of rank one 



335 



We shall denote &(X) for the space of all C-valued C°° functions on X with compact 
support. For any function / G @(X), the Helgason Fourier transform (HFT) (III, §1 of 
0) &f is defined by 

&f(l,kM) = f /(jt)e (a - 1)if(rlt) dx. (2.4) 
Jx 

Let us fix the notation ,^f(X,kM) = jF/(A,£). The inversion formula for HFT for / G 
39 (X) is given by 

/(*) = -/ I ^/(A,/t)e-(' A+1 » // ^ lA -'|c(A)r 2 dAd/t. (2.5) 

» Ja* ./A" 

Here, G) = |W| is the cardinality of the Weyl group and c(A) is the Harish-Chandra c- 
function. For our purpose we shall need the following simple estimate on c(A): there exist 
constants c, b > such that 

\c(X)\- 2 < c(\X\ + l) b foilea* (2.6) 

(see, [IV, Proposition 7.2 of iflOl ). 

Let £>(X ,Hom(Vg,Vg)) be the space of all C°° functions on X taking values in 
Hom(Vg,Vg) and with compact support. 

Let 3> 5 (X) ={/e @{X,Yk>m(V s ,V s ))\f{k-x) = 8(k)f(x)}. We topologize @ S (X) 

by the inductive limit topology of the spaces &>r(X ,Hom(Vg,Vg)), where R = 0,1,2, 

These are the spaces of functions on X with support lying in the geodesic /?-balls. Let 8 
be the contragradient representation of 8. The class of functions 23g(X) = {/ G 3$(X) \ 

f = d(8)xs */} is tne space of all left 8 type functions onl. Being a subspace of 2#(X), 
3g(X) inherits the subspace topology of &(X). We also notice that, for / G C°°(X) the 
function 

f s (x) =d{8) [ f(k-x)8{k- l )dk (2.7) 
Jk 

is a C°° map fromX to Hom(Vg,Vg) satisfying 
f 5 (k-x) = 8(k)f 5 (x). 

The following lemma (III, Proposition 5.10 of ID) shows that the two function spaces 
3> S (X) and £lg(X) are topologically isomorphic. 

Lemma 2. 1 . [9] . The map Q: @ S (X) — > 3>g{X) given by 
fi:/— >tr/ 

is a homeomorphism with the inverse given by Q~ l (g) = g S for g G (X). 
3. The 5 -spherical transform 

Most of the material in this section can be retrieved from [9 |. Here we will restructure 
the results in a form which is suitable for our purpose. In particular we will transfer the 
results from (X) to 3> s (X) using the homomorphism Q, defined in Lemma l2~T1 
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DEFINITION 3.1. 

For / e 3> S (X) the 5-spherical transform / is given by 



f{X) = d(8) J tif(x)<t>- ls (x)*dx, A e C (3.1) 
where, <S>x §(x) is the generalized spherical function (Eisenstein integral). Precisely, 

***(•*)= I ^ {iX+l)H[x ^ k) 5{k)Ak (3.2) 
Jk 

and therefore, the adjoint of <t>x §(x) is 

<& X 5 (jc)* = / e^- 1 ^ -1 *^^ -1 )^. (3.3) 

J K 

The following is a list of some basic properties of the generalized spherical functions. 

1. For k e K, <S>xA kx ) = $(k)<S>X,s(x) and <f>x tS {kx)* =<f>x, s (x)*8(k- 1 ). For v 6 V s and 
meM, 5(w)(4>^ s (x)*v) =<E>£ 5 (x)*v. This shows that4>| is a Horn (V5, Vf )- valued 
function on X. 

2. Let L be the Laplace-Beltrami operator of X. Then LO^j = -(A 2 + 1)«I>a S (§1(6) 
of0). 

3. Let (flc) be the the universal enveloping algebra of G. For any g\,g2&^ (flc) there 
exist constants c 5 = c 5 (gi,g 2 , S),co >0,b = b(g u g 2 ) so that (see 0) 

ll*A,5tei^^2)||< C5 (l + |A|)>oWe^l ImA K 1+ W), lei (3.4) 

Here || ■ || is the Hilbert-Schmidt norm. 

4. If 5 is the trivial representation of K then <&x,s{ x ) reduces to the elementary spherical 
function 

n ( X )= [ e -('M)H(.x-<k) dL (3 5) 

Jk 

It satisfies the following estimates: 

(i) For each H 6 a+ and X S a* + , 

< <p_ a (exp#) < e A > (expi7), (3.6) 

where, <po( - ) is the elementary spherical function at A = (see Proposition 4.6.1 of 
0). _ 

(ii) For all g E G, < (po(g) < 1 (Proposition 4.6.3 of 0) and for t G a+, 

e - ' < (po(expf) < q{\ +t)e-' (3.7) 
for some q > (see for a sharper estimate). 
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5. We have already noticed that V^ 1 is 1 -dimensional. For A € a^, 5 G Km and j£X, 
the linear functional &x s( x )\v M * s a sca l ar multiplication. The elementary spherical 
function <j>x is related to <t>i,s in the following way (see EH, Corollary 5.17 of |9|): 

ly"= G 5 (A)- 1 (D 5 «Pa)W, (3-8) 

where D 5 is a certain constant coefficient differential operator and Q S (X) is a constant 
real coefficient polynomial in iX. An explicit expression for the polynomial Q s is 
available in III, §2 of E) . 

6. For each a G A, the functions A i— > Q S {X)<i>x $(a) and A 1— > <2 5 (A) _1< I>£ §(a)* are even 
holomorphic functions on (see III, Theorem 5.15 of |9|). 

It follows from 1 and 6 above that for / G @ S (X), A i-> Q S {X)~ l f{X) is a Hom(V 5 , 
V^)-valued even entire function on C. 

The HFT and the 5-spherical transform of a function / G 2> S (X) are related in the 
following manner. 

DEFINITION 3.2. 

Let 8eK M ,fe 9{X) and &f be its HFT. Then let us define the 5-projection ff of 

J?/ by 

(^f) 5 (X,k)=d(8) f &f{X,k x k)5{k^)&k x . (3.9) 

JK 

As noted earlier for / G 2>{X), its 5-projection f s G & 5 {X). Each of its matrix entry 
is a member of &(X). We define the HFT of/ 5 by 

J?(/ 5 )(A,/fc) = / f s (x)^ a -^ H ^dx. (3.10) 
Jx 

This is nothing but the usual HFT at each matrix entry of f s . 
PROPOSITION 3.3. 

For f G 3t(X) and 8 G Km the following are true: 

(1) (^f) 5 (X,k) = 8(k)(^f) s (X,e). 

(2) &{f )(X,k) = (&f) s {X,k). 

Proof. It is clear from the definition that (^f) s (X,k) = 8(k)(,^f) 5 (X,e). 

The following straightforward calculation using Fubini's theorem proves the second 
assertion. 

,?{f s )(X,kM) = [ f*(x)eP x - 1 W'~ lk '>dx, 
Jx 

= d(8) J x ^J K f(k lX )8(k^)dh J e^-^^W, 



338 Joydip Jana and Rudra P Sarkar 

= d(8) f f f{y)^ iX - l ^ k ^8{k^)&yAk u 

= d(8) ( ( f(y)^ a -^ H( y- lk ^8(k)8(k2 l )dk 2 dy, 
JxJk 

= d{8) [ &f{X,k 2 M)8{k)8{k2 l )dk 2 , 



d{8) / &f(l,k 3 kM)8(kn l )dk3, 

JK 

(,^f) 5 (X,kM). 



The next lemma relates the 5-spherical transform defined in ( 13. U with the HFT. 
Lemma 3.4. Iff e <3 h (X) and 8 € K M , then &f(X,e) = /(A). 

Proof. For any / E s (X), by LemmaO f(x) = d(8) j K \xf{kx)8{k- { ) dk. From the 
definition of HFT d2.41 > we get 



&f(X,e)= f f(x)e {a -^ H ^dx, 
Jx 



d{8) / Xif(kx)8{k- 1 ) dke ( - a - l '> H ^ l '> dx. 

X JK 



Substituting kx —y we have 



Ff(X,e)=d(8) Mf{y) e^" 1 ^ ^(r')#, 

JX JK 

= d{8)J^Xxfty)<S>- xs (y)*dy, 
= /W- 

Lemma 3.5. The inversion formula for the 8 -spherical transform / t— > / is given by the 
following: For each f € & s (X), 

f{x) = y( 4> A . 5 (*)/(A)|c(A)r 2 dA. (3.11) 

CO Ja* 

Moreover, 

f \\f(x)\\ 2 dx = - / ||/(A)|| 2 |c(A)r 2 dA. (3.12) 

JX W J a * 

Here, the norm \\ ■ \\ is the Hilbert-Schmidt norm. 

Proof. We use the inversion formula for the HFT ( 12.5b . Proposition 13 .3 1 and Lemma l3~4l 
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to obtain 



f(x) = L [ [ &f(X,k)e-( iX+l W xlk Hc(X)\- 2 AXdk 

CO J a * JK 

' ' f 8(k)^f(X,e)e-^ +l ^ l ^\c(X)\- 2 dXdk 



CO J a * Jk 
1 

CO 



CO Ja 



*A,5W/(A)|c(A)|- 2 dA. 



As the HFT (12.41 of a function / G is defined entry- wise, it is clear that the 

Plancherel formula for Helgason Fourier transform is as follows: 

||/(x)|| 2 dx=i / / ||/(A,£)|| 2 |c(A)|- 2 dMA. (3.13) 



W J a * Jk 

Using the relation f(X,k) = 8(k)f(X) together with the Schur's orthogonality relation, 
the formula (13.12b can be deduced from ( 13.131 ). 

DEFINITION 3.6. 

A C°° function y/ on a^, with values in Hom(Vs,V^), is said to be of exponential type R 
if there exists a constant R > such that for each N G Z + , 

sup e -*l Ina l(l + \X\) N \\x l f(X) || <+<». 

Xea* c 

We denote the space of C°° function from — > Hom(V,5, V^) of exponential type 
R by ,^° R (a* c ). Let ,7)?{a* c ) = \J R>0 J^ R (a* c ). We state the following topological Paley- 
Wiener theorem for the /T-types. The proof of this theorem follows from III, Theorem 5. 1 1 
of and LemmaO 



Theorem 3.7. The 8-spherical transform defined in Definition \3.1\ is a homeomorphism 



between the spaces £t S (X) and ^5(0^.), where 



^&{ a c) = {F e ^( a c)\(Q S )^ 1 'F* s an even entire function). 
Here Q S (X) is the polynomial in iX with real coefficients introduced in (|3.<S[) . 

Let ^o(flc) denote the set of all even functions in Jff (a^), with the relative topol- 
ogy. Let h 6 3 g Q{a* c ). By definition, h is a Horn (Vs,V^)- valued function. As V^ 1 is of 
dimension 1 so we can write h = (hi,... ,hjfs)), where each of hj satisfies the following 
conditions: 



(i) it is of exponential type, 

(ii) it is entire, 

(iii) it is an even function. 
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Let @(K\X) and @(K\X,Hom(Vs,Vg)) denote the left /T-invariant, compactly sup- 
ported, C°° functions on X taking values respectively in C and Hom(V5,V^). The 
spherical transform of <p 6 @(K\X) is defined by <j> J x (j)(x)q>i(x~ l )dx. For the class 
9(K\X,Hom(V s ,V^)) we define it entry -wise. From the Paley-Wiener theorem for the 
spherical transform [5|, there exists one fi £ @(K\X) so that /i,(A) = f(}fi(x)(px (x )dx. 
Therefore ^o(ac) * s trie i ma g e of 2#(K\X ,Hom(V,5, V^)) under the spherical transform. 
The following lemma shows that the Paley-Wiener (PW) spaces ^g(a^) and ,^Q(a* c ) 
are homeomorphic. 

Lemma 3.8.(111, Lemma 5.12 q/[9|). The mapping 

y/(A)^g 5 (A)y/(A) (3.14) 
is a homeomorphism o/^o( a c) onto ■^ 2> 5( a c)- 

Lemma 3.9. Any f S & S (X) can be written as f(x) = D S <j)(x), where <p £ Z&(K\X, 
Hoir^Vg. V¥)) and D S is a certain constant coefficient differential operator. 

Proof. Let / € ® 5 {X). Then / e ^s{a* c ). Therefore by Lemma [18] the map A i-> 
O(A) = g 5 (A) _1 /(A) is in ^oia^). By the PW theorem for the spherical function we 
get one (p 6 ^(K\X,Rom(V 5 ,V^)) such that 

H*) = ~ f <PAW*(A)|c(A)|- 2 dA, (3.15) 

W Jo* 

where (pi(-) is an elementary spherical function. Now applying the differential operator 
D 5 (see ED) on both sides of ( I3.151 l we get 

(D 5 </>) (x) = -[ 4>, i5 (x)e 5 (A)4>(A)|c(A)|- 2 dA, 

W J a* 

= - [ 4>^ 5 (x)/(A)|c(A)|- 2 dA, 

W Jo* 

= f(x). (3.16) 
We shall denote the Hilbert-Schmidt norm of an operator by \\H\\. 

□ 

DEFINITION 3.10j(The ZASchwartz space on X). 

For every < p < 2, D, Eef (gc) an d ? £ NU {0} we define a semi-norm on / 6 
C~(X,Hom(y 5 ,y 5 ))by 

v D) E, ? (/) = sup||/(D,x,E)|| (po(x)- 2/ "(l + |x|)^ (3.17) 
xeG 

Let 5 P (X) be the space of all functions in C°° (X ,Hom(Vs , Vg)) such that VD,E,g(/) < 00 
for all D, E € ^ (jjc) an d ?6NU {0}. We topologize S P (X) by means of the seminorms 

VD,E, 9 D,Ee^(0 C ),?eNu{O}. 

Then S P (X) is a Frechet space and £^(X,Hom(Vg, Vg)) is a dense subspace of S P (X). 
Let 5g(X) be the subspace of S P (X) consisting of the left 5 type Horn (Vg,Vg)- valued 
functions in Then clearly & S (X) is a dense subspace in Sg(X). 
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Remark 3.11. Let S P (X)^ be the Schwartz space of scalar-valued 8 type functions. Recall 
that @i(X) is dense in S p (X)g. Therefore the homeomorphism Q defined in Lemma |2~T1 
between Si s (X) and S>^{X) extends to a homeomorphism between the corresponding 
Schwartz spaces S P S {X) and S p {X)g. 

We shall now define the Schwartz space Sg(a|) containing the Paley-Wiener space 
^s( a c) as follows. 

DEFINITION 3.12. 

Let Sg(al) be the class of functions on taking values in Hom(Vg, V^) and satisfying 
the following conditions: 

(1) h is analytic in the interior of the strip a* £ . 

(2) h extends continuously to the boundary of the strip a* £ . 

(3) (Q S )~ l h is even and analytic in the interior of the strip sx\. 

(4) For each positive integer r and for each symmetric polynomial P on a*, 

V(*)= SU P \\ p ( dX ) h (^)\\^ + \MY <+°°- ( 3 - 18 > 

Alnteag 

P(dX) is the differential operator obtained by replacing the variable X by d/dX. 



The topology given by the countable family of seminorms T r> p makes Sg(al) a Frechet 
space. 

The condition ( 13.18b can also be written in the form 



T»,f(A) = sup 

X e Int at 



{{\+X 2 fh{k)} 



< +°°. 



Let So(ttg) be the class of all even functions on taking values in Hom(Vg, V¥) satis- 
fying conditions (1), (2) and (4) of Definition l3.12l Then So(Qe) becomes a Frechet space 
with the seminorms z r j>. Clearly, ^(a^) C So(a* e ). 



Lemma 3.13. The map 

h(X) Q s (X)h(X) 
is a homeomorphism from So{a* e ) onto S${a* £ ) 
Proof Let heS (a* e ). Then 



(3.19) 



sup 

X G Int a t, 



^ ) Q°mv 



(i+iAir 



< Y, c i SU P 

r,=0 AelntaJ 



<E c f su p 

X £ Int at 



t-t, 



51 1 



dA 



(i+iAir 



(i+iAir 
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The constants cf and the positive integers m; are dependent on 8. On the other hand, if g G 
Ss{al) then \jf(X) = g(X)/Q s (X) satisfies the conditions (1) and (2) of Definition [3. 121 
As g £ 5g(a|), by (3), y/ is an even function. We need to establish (4) of Definition 13. 121 
to conclude y/ GSo(a* £ ). 

Let us choose a compact subset C of a £ containing all the zeros of Q S (X) in the strip 
a* £ such that > a for all A 6 a* £ \ C, where a is a positive constant. 



sup 

Aelnta 



d 

dX 



y/(A) 



< sup 

XeC 



d y g(x) 



dXj QS(X) 



<k\-\ sup 

a AelntaJ 



sup 

A, G Intone 



dA ) 



\qHX)\'2 



(l + |A|) m ' <+oo, 



where j3 (A ) is a polynomial in A . This concludes the proof. 



□ 



It follows from above that any h in S${a* £ ) can be written as Q s (X)g(X) where g S 
5o(Og) and vice-versa. 

Let g — (gi,... ,gd(S)) £ SbCflg)- Then each scalar-valued function gi belongs to the 
Schwartz space S(al) containing the Paley-Wiener space .^(aj) under the spherical 
Fourier transform. 



PROPOSITION 3.14. 

The Paley-Wiener space ^g^a^) is a dense subspace ofSg(al). 



Proof. We have seen in Lemma [3. 131 that any h= (hi,... ,hM$\) G ^s( a c) can ^ e writ- 
ten as Q s ■ (gi,---,gd<5))> where each gi belongs to the Paley-Wiener space ^(a^) 
under the spherical Fourier transform. We recall that ^(a^) is dense in S(a£). Let H = 
(#!,... ,H d[5) ) e S 8 (a* e ). Then H = (Q 5 G U .. .,Q S G d[S) ) where G = (G\ , . . . ,G c/(5) ) e 
5o(ag), i.e., each G, € S'(ol). Then there exists a sequence {gi„} in ^ofac) converg- 
ing to G,. Hence {g 5 ■ converges to Q s ■ Gi in the topology of S(a$). Therefore, the 
sequence {Q s ■ (g u , . . . ,g d{S)n )} C ^5(0^) converges to (Q s Gi, . . ■,Q S G d{5) ) in S s (a* e ). 
This completes the proof. □ 



4. Proof of Theorem [Til 

Lemma 4.1. Let f 6 Sg(X). Then its 8-spherical transform f is an analytic function in 
the interior of the strip a £ . 

Proof. For any function /: X 1— > HomfVg, V^), it is easy to show that |tr/(x)| < ||/(x)|| 
for all x eX. As f e Sg (X), from (13. 17b . we conclude that for each D,E £ ^(flc) and 
neZ+U {0}, 

sup||tr/(D,^E)||(l + |x|)' ! <p - 2// 'W<+oo. (4.1) 

xex 
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Using ( 14.11 ) and the estimate (13.41 ) one can show that the integral in Definition 13. II of the 
5-spherical transform converges absolutely for X € Og. 

A standard application of Morera's theorem together with Fubini's theorem shows that 
X I— ► f(X) is analytic in the interior of the strip a^. □ 

Lemma 4.2. For f G Sg (X) and for each t,n £ Z + U {0}, there exists a positive integer m 
and n such that 



sup 

X e Int 



AY {( i + AY/W} 



< C sup||L"/W||(l + |x|)'>- 2/p (x) ; 
xex 



where c is a positive constant. 
Proof. From ( 13.11 ) we have 



(dl) {(1+ ^ 2) " /(A)} ^(dx) {^)^tr/(x)(l+A 2 )"4>^ 5 (x)*ck| 

±J tt/(*)(-L)»* u (*)*d*} , 



(4.2) 

where the last equality follows from (2) of the discussion following Definition 3.1. Using 
integration by parts we get from above that 



AY {( i + A 2 r/(A)} 



d v 



— I U(8) J x (-L)"tvf( x )^ ls ( x )*dx 



d(8) I (-L)"tr/(x) ( ^) I eW-W* ^dik-^dkdx 



rf(5) / (-L)"tr/(x) / {iH(x- [ k))'e 



8(k~ l )dkdx 



= (j?d(8) / / (H(x- l k))' L"tr/(jt) e^-'M'^StOdfcdc 



(i)' </(«) / / {H{ X - l k))' L"tr/(x) e 



(a-i)i(r'i)5/ r i 



SO^dxd/t. 



We substitutes l k = y 1 and use Ltr/(y) = tr(L/)(y) to obtain 



_d_V 
AX 



{(i+x 2 )"f(X)} 



(i)'d(d) / / (H(y- l )yu(V'f)(ky)c 

JX JK 



{iX-l)H(y- 1 ) * (lr -\ 



8{k- l )dkdy. 
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Note that L"/ is again a function of left 8 type. Therefore from above we get 
d V 



AX 



{(1 + A 2 )»/(A)} 



(/)' ^-')'e 



Ut JiX-l)H(y~ l ) 



d(5) jf tr (L n /) (ky)S (k~ 1 )d*J dy, 

= / (//(y- 1 ))'L"/We (a - 1 ^')dy (by (O) 

- (/)'' / (H(y))<L"f(y- 1 ) e^^dy. (4.3) 

We use the Iwasawa decomposition G = KAAf and write y = ka r n, where r G a and expr = 
a r to obtain 



_d_V 
dA 



{(1 + A 2 )»/(A)} 



JKJaJN 



= (if' / / V'f{{a r n)- 1 ) M a+1 >drdn. 
JaJN 

From ( 14.4b we get the following norm inequality. 

d V 



(4.4) 



dA 



{(1+A 2 )"/(A)} 



<c[ [ \\L n f{{a r n) 

JaJN 



| r ir e C|ImX|+l)r drd/I> 



(4.5) 



AsfeS p g (X), for each m e Z+ we have ||L"/(Kn) ) || < V L * ,„(/)(! + \(a r n)- l \) 



1 1 \ —m 



(p^ p ((a r n) 1 ) where v is as defined in (13.171 >. Using ( 12. Il l we get from above 



^)'{(1 + A 2 )"/(A)} 



< , 



cVv,M) I I (l + |(fl,.n)|)-"> 2// '(K»)- 1 )(l + k|ye(l ImA l+ 1 )'-drdn 



aJN 



<ciV L « ,,„(/) / / (l + |(fl r «)|)-" ,+ > 2/p ((fl,.«)- 1 )e (|Im;i|+1)//(ar " ) drd« 



a 



nvL« ,,„(/) / (i + \x\y-'y 2 /p (x)e^\- r ^dx. 

> G 



(4.6) 



For convenience we denote c\V\ji m (f) by c v . We use the Cartan decomposition G = 
KA + K and write x = k\ exp \x\k2 and decompose the integral ( 14.6b as follows: 
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(i+iMxpi*ifc 2 ir m+ Vo 2/p ( ex pK 1 i) 

KJa + JK 

xe (|BnA|-l)ff(explx|* 2 ) tU . lA (| JC |) d | JC | d j t2 

= cJ /(l + |x|)-'"+> 2/ "(expW) 

x e (l ImA l- 1 > flr CoqpWfe)A(|x|)d|*|dJk2, 
as 1 = |x| and \k\ exp jjcj^l = \ x \- Using d3.6l l the expression above is 

= c v j (l + |x|)-'"+> ( ? /p (exp|x|) 

Ja + 

j e (-i(i\^\)-m(^vm)^ A Q X ^ d \ x \ 

= c v I (l + |x|)" m+f (Po /p (exp|x|)^_ !lImA |(exp|jc|) A(|x|)d|x| 

Ja + 

<c v f (1 + \x\)- m+ '(pW p)+ \exp\x\) e |lmA IW A(|*|)d|x|. (4.7) 



We take X G Into*, i.e., |ImA| <£=(- — l). Using the estimate ( 13.7b we get 

< c v / (1 + | x |)(-»-K+|-i) ,g(exp [jc|) A(|x|)d|x| 



< c v [ (1 + [jc|) C-«+r+f-i) ^(^dbc, (s 



see flOl). (4.8) 



Choosing a suitably large m, we see that the integral in ( 14.81 ) converges (Lemma 1 1 of 
ID). Hence, we conclude that 



sup 

Aelnta? 



^)'{(i + ^ 2 r/(A)} 



< const v L « ,,„(/). (4.9) 



This completes the proof of the lemma. □ 

Lemma 43. The S-spherical transform f t—> f is a continuous injection of Sg(X) into 
S s (a* e ). 



Proof. From Lemma I4TTI Lemma I4T2I and (6) of the discussion below Definition 3.1, we 
conclude that if / 6 S$(X) then / 6 ^(a*,). Also the transform/ i— > / is continuous. The 
fact that / i ► / is injective is a consequence of the Plancherel formula for the HFT (III, 
Theorem 1.5 of ID). □ 

The next lemma is an extension of the inversion formula given in Lemma 3.5 for the 
Schwartz class functions. 

Lemma 4.4. Let h G S'g(cil). Then the inversion J?h given by 
Sh{x) = y l <S> x , 8 {x)h{X)\c{X)\- 2 dX 

(0 Ja* 

is a left 8-type C°° function on X taking values in Hom(Vg, Vg). 
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Proof. Let us take any derivative D of X. For any De^ (flc)i 

ShCD;x) = — [ 4> A5 (D;jcWA)|ca)r 2 dA. (4.10) 

(0 J a * 

Therefore, 

\\Sh(D;x)\\ <c [ |[*, 5 (D;x)||||/i(A)||(l + |A|)*dA 



<c s [ (l + |A|)^+"-> (x)dA, 

(using estimate (3) of the discussion below 
Definition 3.1 and (13081 ) 

<c 5 [ (l + |A|) iD+ft -"dA. 



We choose n sufficiently large so that the last integral on the right-hand side exists. Hence, 
^h(D;x) exists for every D. Therefore J?h is a C°° function on X. As g (x) is of left 8 
type, so is J*h. □ 

Lemma 4.5. Ifh G Ss(ag), f/zen J^/i G 5g(X). 

Proof. We consider the spaces .^(a^) and £) S (X) equipped with the topologies of the 
Schwartz spaces Sg (a* £ ) and Sg (X ) respectively. It is clear from the Paley- Wiener theorem 
that J? maps ^g(a^) onto S> S (X). We shall show that J> is a continuous map from 
& s (a* c ) onto @ S (X) in *ese topologies. Let h G ^s(ci£) and Jh = f e 9) S (X). We 
have to show that for any seminorm v on 3> S (X) there exists a seminorm T on P(ag) so 
that 

V{f)<c s r(h), 

where eg is a constant depending only on 5. 

Let De^ (gc ) and n G Z + . We consider / as a right /^-invariant function on the group 
G. Let 

Vd,„(/) =sup||D/(x)||(l + |x|)>- 2/p (x). (4.11) 
xeG 

From Lemmas 13.81 and [3.91 we know that f(x) = T) S (j)(x), where <j) is a K bi-invariant 
function on G and h (A) = Q s (A)<I>(A). Here <I> is the spherical Fourier transform of <j). 
Hence from ( 14.1 It we have 

Vd,„(/) = sup||DD 5 0(*)||(l + \x\) n (p- 2/p (x) = v DD , „(*). (4.12) 

xeG 

By the isomorphism of the K bi-invariant functions in the Schwartz space (see |2|), for 
each DG"f(g),D S £f (g) and for each n G Z + there exists mg,t £ Z + and a positive 
constant eg so that, 



sup||DD 5 0(x)||(l + |x|)> o 2/p (x) <c s sup 

xeG AelntaS 



d \' 



dA ) *W 



(l + |A|p. 
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(4.13) 



Now by Lemma [3.13l for t ,mg S Z + there exists t\,m\ £ Z + such that 



sup 



(i+\i\r< c ' s sup 

A £ Into? 



dx)^ 



(i+iAir 



Hence, VD,n(/) < c' 5 cgT riimi (/;). The positive constants eg and c' g are dependent on \8\. 
The positive integer nt\ can be made independent of the 8 S fi« chosen. This shows that 
the inversion J? is a continuous linear transformation on a dense subset ^5(0^) of Sg(al) 
onto & 5 (X) (The surjectivity follows from Theorem |3.7| ) 

Let us now take h 6 Sg(a|). As .^(a^) is dense in Sg(a* e ), there exists a Cauchy 
sequence {h„} C ^s(cic) converging to h. Then by what we have proved above, we 
can get a Cauchy sequence {/„} C 2> 5 {X) such that /„ = h n . As Sg(X) is a Frechet 
space, the sequence converge to some / 6 Sg(X). Clearly, / = J?h. This completes the 
proof. □ 



Finally, Lemmas |3 . 71 14. 3 1 and 14. 5 1 to gether show that the 5-spherical transform is a sur- 
jection onto Sg(al) and that J?\ Sg(a|) — > is continuous. That is, the 5-spherical 

transform is a topological isomorphism between the spaces Sg(X) and 5g(a|). This 
proves Theorem ll.il 
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